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Abstract. This paper surveys the push forward formula for elliptic class and 
various applications obtained in the papers by L.Borisov and the author. In 
the remaining part we discuss the ring of quasi-Jacobi forms which allows 
to characterize the functions which are the elliptic genera of almost complex 
manifolds and extension of Ochanine elliptic genus to certain singular real 
algebraic varieties. 



Introduction 

Interest in elliptic genus of complex manifolds stems from its appearance in a 
wide variety of geometric and topological problems. At the first glance, this is an 
invariant of complex cobordism class modulo torsion and hence depends only on 
the Chern numbers of manifold. On the other hand elliptic genus is a holomorphic 
function of C x Ell where H is the upper half plane. In one of heuristic approaches, 
elliptic genus is an index of an operator on the loop space ([53]) and as such it has 
counterparts defined for C°° , oriented or Spin manifolds (studied prior to the study 
of complex case (cf. [42]). It comes up in the study of geometry and topology of 
loop spaces and, more specifically, the chiral deRham complex (cf. [iQj), in the 
study of invariants of singular algebraic varieties (tSJ), in particular orbifolds, and 
more recently in the study of Gopakumar-Vafa and Nekrasov conjectures (cf. [37] 
[21]). It is closely related to the fast developing subject of elliptic cohomology (cf. 
[45]). There are various versions of elliptic genus: equivariant, higher elliptic genus 
obtained by twisting by cohomology classes of the fundamental group etc, elliptic 
genus of pairs and orbifold elliptic genus. There is interesting connection with singu- 
larities of weighted homogeneous polynomials (so called Landau-Ginzburg models). 

In present note we shall review several recent developments in the study of elliptic 
genus and refer a reader to review [7] for additional details on earlier results. Then 
we shall focus on its aspects of elliptic genus: its extension to real singular varieties 
and its modularity property (or the lack of it). Extension of elliptic genus to real 
singular varieties was suggested by B.Totaro ([47|) and our approach is based on 
the push forward formula for the elliptic class used in [8] to extend elliptic genus 
from smooth to certain singular complex projective varieties. 

In section [Ol we shall discuss this push forward formula. It appears as the main 
technical tool in many applications mentioned later in the paper. The rest of section 
[T] discusses the relation with other invariants and series of applications based on the 
material of works [S],[H| and [5]. It includes a discussion of a relation between elliptic 
genus and iJ-function, application to McKay correspondence, elliptic genera of non- 
simply-connected manifolds (higher elliptic genera) and generalizations of a formula 
of R.Dijkgraaf, Moore, E.Vcrlindc, H.Vcrlindc. Other applications in equivariant 
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context are discussed in R.Waelder paper in this volume. The proof of independence 
of resolutions of our definition of elliptic genus for certain real algebraic varieties is 
given in section [3.21 

Section 2 deals with modularity properties of elliptic genus. In the Calabi Yau 
cases (of pairs, orbifolds etc.) elliptic genus is a weak Jacobi form (cf. definition 
below). Also it is important to have description of the elliptic genus in non Calabi 
Yau situations not just as a function on C x H but as an element of a finite dimen- 
sional algebra of functions. It turns out that in the absence of Calabi Yau condition 
the elliptic genus belong to a very interesting algebra of functions on C x H, which 
we call the algebra of quasi- Jacobi forms, and which is only slightly bigger than the 
algebra of weak Jacobi forms. This algebra of quasi-Jacobi forms is a counterpart 
of quasi-modular forms (cf. |30j ) and is related to elliptic genus in the same way 
as quasi- modular forms are related to the Witten genus (cf. [55]). The algebra of 
quasi-Jacobi forms is generated by certain two variable Eisenstein series (master- 
fully reviewed by A.Weil in [51') and has many properties parallel to the properties 
in quasi-modular case. A detailed description of properties of quasi-Jacobi forms 
appears to be absent in the literature and we discuss the algebra of these forms in 
section 2 (for more details see its introduction) . We end this section with discussion 
of differential operators Rankin-Cohen brackets on the space of Jacobi forms. 

Finally in section [3] construct extension of Ochanine genus to real algebraic va- 
rieties with certain class of singularities. This extends some results of B.Totaro in 

m- 

For readers convenience we give ample references to prior work on elliptic genus 
where more detailed information on the subject can be obtained. Part 2 dealing 
with quasi-Jacobi forms can be read independently of the rest of the paper. 

The author wants to express his gratitude to Lev Borisov. The material in 
section 1 is a survey of joint papers with him and results of section 2 are based on 
discussions with him several years ago. 



1. Elliptic genus. 

1.1. Elliptic genus of singular varieties and push- forward formulas. Let 

X be a projective manifold. We shall use the Chow groups A^{X) with complex 
coefficients (cf. [22]). Let F the ring of functions on C x H where H is the upper 
half-plane. The elliptic class of X is an element in A^, {X) (g)c F given by: 

(1) £LL(x)^n"' ^%ry^ w 

where 

/— oo /— oo 

(2) e{z,T)^qi{2sm7:z)l[il-q')l[il^q^e'^n{l-q'e-'^n 

1=1 1=1 

is the Jacobi theta function considered as an element in F with q = e^'^*'^ (cf. [H]), 
Xi are the Chern roots of the tangent bundle of X and [X] is the fundamental class 
of X. The component Ell{X) in Ao{X) — F is the elliptic genus of X. 

Components of each degree of ([T]), evaluated on a class in A*{X), are linear 
combination of symmetric functions in a i.e. the Chern classes of X. In particular 
Ell{X) depends only on the class of X in the ring (g) Q of unitary cobordisms. 
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The homomorphism igjQ^ F taking X to Ell{X) can be described without 
reference to theta functions as in ([T]). Let Ma^.s be the class of complex analytic 
space "having only ^i-singularities in codimension 3" i.e. having the singularities 
of the following type: the singular set SingX of X e Mai^z is a manifold such that 
diTcicSingX = divaX — 3 and for an embedding X ^ Y where 1" is a manifold 
and a transversal H to SingX in F, the pair [H O X,H O SingX) is analytically 
equivalent to the pair (C*, Hq) where Hq is given by + + + = 0. Each 
X E Mai.3 admits two small resolutions Xi ^ X and X2 X in which the 
exceptional set is fibration over SingX with the fiber . One says that manifolds 
underlying the resolutions obtained from each other by classical flop. 

Theorem 1.1. (cf. |46j^ The kernel of the homomorphism Ell : ^l^ (E)Q — > F taking 
an almost complex manifold X to its elliptic genus Ell(X) is the ideal generated by 
classes of differences Xi — X2 of two small resolutions of a variety in Mai,3. 

More generally one can fix a class of singular spaces and a type of resolutions and 
consider the quotient of il^ (8) Q by the ideal generated by differences of manifolds 
underlying resolutions of the same analytic space. The quotient map by this ideal 
^l^ (g) Q ^ i? provides a genus and hence the collection of Chern numbers (linear 
combination of Chern monomials [X] is = dimX) which can be made 

explicit via Hirzebruch procedure with generating series (cf. [27]). These are the 
Chern numbers which can be defined for the chosen class of singular varieties and 
chosen class of resolutions. The ideal in theorem 11.11 it turns out, corresponds to 
a much larger classes of singular spaces and resolutions. This method of defining 
Chern classes of singular varieties is an extension of the philosophy underlying the 
question of Goresky and McPherson (cf. [25]): which Chern numbers can be defined 
via resolutions independently of resolution. 

Definition 1.2. An analytic space X is called Q-Gorenstein if the divisor D of 
a meromorphic form dfi A .... A c?/dimX is such that for some n G Z the divisor 
nD in locally principal (i.e. Kx is Q-Cartier). In particular for any codimension 
one component E of the exceptional divisor of a map n : X ^ X the multiplicity 
aE — tuxiMe'^* {Kx) is well defined and a singularity is called log-terminal if there 
is resolution tt such that Kj^ — tt*{Kx) + '^cleE and > — 1. A resolution is 
called crepant if a^; = 0. 

Tiieorem 1.3. (^) The kernel of the elliptic genus Vl^ ^ Q ~* F is generated 
by the differences of Xi — X2 of manifolds underlying crepant resolutions of the 
singular spaces with Q-Gorenstein singularities admitting crepant resolutions. 

The proof of theorem (|1.3p is based on extension of elliptic genus Ell{X) of 
manifolds to the elliptic genus of pairs Ell{X, D) where D is a divisor on X having 
the normal crossings as the only singularities. This is similar to the situation in 
the study of motivic i?-functions of quasi-projective varieties (cf . [2] , [39] ) . In fact, 
motivation from other problems (e.g. study of McKay correspondence cf. [9]) 
suggests looking at the triples {X, D, G) where X is a normal variety, G is a finite 
group acting on X and to introduce the elliptic class ELL{X, D, G) (cf. [S])- More 
precisely, let D he a, Q-divisor i.e. F> = di^i with Di being irreducible and 
Oi € Q. The pair {X,D) is called Kawamata log-terminal (cf. [34]) if Kx + D 
is Q-Cartier and there is a birational morphism f : Y ^ X where Y is smooth 
and the union of the proper preimages of components of D and the components 
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of exceptional set E ~ [Jg Ej form a normal crossing divisor such that Ky — 
f*{Kx + ^aiDi) + J2ctjEj where aj > — 1 (here Kx, Ky are the canonical classes 
of X and Y respectively). The triple (X, D, G) where X is a non-singular variety, 
D is a divisor and G is a finite group of biholomorphic automorphisms is called 
G-normal (cf. [5], [H]) if the components of D form a normal crossings divisor and 
the isotropy group of any point acts trivially on the components of D containing 
this point. 

Definition 1.4. (cf. [9] definition 3.2) Let {X,E) be a Kawamata log terminal 
G-normal pair (i.e. in particular X is smooth with D being a normal crossing 
divisor) and E — — J^keoc ^kEk- The orbifold elliptic class of {X, E, G) is the class 
in A*(X,Q) given by: 

(3) morb{X,E,G;z,T):^^ ^ ^t^'''^ 11 ^0 

' ' g,h,gh=hg Xa.h A(g)=A(/i)=0 

-pr ^(|^ + A(g)-rA(M-z) 
0(|^ + A(g)-rA(M) 

V ^(ti+efc(.9)-efeWr-z) e{-{5k + \)z) 

where X^'^ denotes an irreducible component of the fixed set of the commuting 
elements g and h and [X^'''] denotes the image of the fundamental class in A^{X). 
The restriction of TX to X^''' splits into linearized bundles according to the ([0, 1)- 
valued) characters A of (gr, h) (sometimes denoted Xw where is a component 
of the fixed point set). Moreover, eu — ci{Ek) and is the character of G{Ek) 
restricted to X^''^ if Ek contains X^''* and is zero otherwise. 

One would like to define the elliptic genus of a Kawamata log-terminal pair 
{Xo,Do) as ([3]) calculated for a G-equivariant resolution (X, £') (XojZ^o)- Inde- 
pendence of ([3]) of resolution and the proof of (|1.3p both depend on the following 
push-forward formula: 

Theorem 1.5. Let {X,E) be a Kawamata log-terminal G-normal pair and let Z 
be a smooth G-equivariant locus in X which is normal crossing to Supp{E). Let f : 
X — > X denote the blowup of X along Z . We define E by E = — J2k ^kEk—SExc{f) 
where E^ is the proper transform of E^ and S is determined from K-^ -\- E = 
f*{Kx + E). Then {X,E) is a Kawamata log-terminal G-normal pair and 

(4) fMlorbiX, E, G; z, t) = EllorbiX, E, G; z, r). 

Independence of resolution is a consequence of the weak factorization theorem 
(cf. [T]) and (dH]), while theorem follows since both Ul[Xi) and m(X2) 

coincide with the elliptic genus of the pair {X,D) where X is a resolution of X 
dominating both Xi and X2 (where D = K^^^ cf. [S] Prop. 3.5 and also 52J). 
For discussion of orbifold elliptic genus on orbifolds more general than just global 
quotients see [TO] . 
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1.2. Relation to other invariants. V.Batyrev in ^ for a G-normal triple {X, D, G) 
defined _E-function Eorb{X, D,G) depending on the Hodge theoretical invariants 
(there is also motivic version cf . [2] , [33] ) ■ Firstly for a quasi-projective algebraic 
variety W one put (cf. [2], Definition 2.10): 

(5) E{W,u,v) = (-l)'^dimGr^Gr^«(iI^(M^,C))ufw« 

where F and W are Hodge and weight filtrations of Deligne's mixed Hodge structure 
([l6]). In particular E{W, 1, 1) is the topological Euler characteristic of W (with 
compact support). If W is compact then one obtains Hirzebruch's Xy-genus: 

(6) Xy(W^)=E(-l)'<i™^'("^)2/' 

(cf. [27]) ior V = —l,u ~ y and hence the arithmetic genus, signature etc. are 
special values of Secondly, for a G-normal pair as in ()1.4|) one stratifies D = 
UkeK Dk by strata D°j = f],eJ Dj-\JkeK-.j DkAJ ^ fl,^ j D, = X for J = 0) 
and defines 

(7) E(X,D,G,u,v)^ 

E (H^-'^^^^^'+^^ E n (jr.:/,i ^(^ni^}/G(.9,j)) 

{g},W(lX!! .7C3C9 jGJ ^ ' 

where G{g, J) is the subgroup of the centralizer of g leaving Hje j invariant. 

One shows that for a Kawamata log-terminal (Xo,-Do) paii' the i?- function 
E{X, D, G) of a resolution does not depend on the latter but only on {Xq,Do, G). 
Hence ([7|) yields an invariant of Kawamata log-terminal G-pairs. The relation with 
EU(X,D,G) is the following (cf. [9], Prop. 3.14) : 

(8) limr^,^Ell{X, D, G, z, r) = y^^E{X, D, G, y, 1) 

where y = exp{2TTiz). In particular in non equivariant smooth case the elliptic 
genus for g — > specializes into the Hirzebruch Xy genus ([6]). 

On the other hand, in non singular case Hirzebruch ([28], [29]) and Witten [53] 
defined elliptic genera of complex manifolds which are given by modular forms for 
the subgroup ro(n) on level n in 5^2 (^) provided the canonical class of the manifold 
in question is divisible by n. These genera are of course combinations of Chern 
numbers but for n = 2 one obtains a combination of Pontryagin classes i.e. the 
invariant which depends only on underlying smooth rather than (almost) complex 
structure (this genus was first introduced by S.Ochanine cf. [H] and section [3]). 
These level n elliptic genera up to a dimensional factors coincide with specialization 
z = "'^^^ , a,P d Z for appropriate a, (3 specifying particular Hirzebruch level n 
elliptic genus (cf. [Bj, Prop. 3.4). 

1.3. Application I: McKay correspondence for elliptic genus. The classi- 
cal McKay correspondence is a relation between the representations of the binary 
dihedral groups G C SU{2) (which are classified according to the root systems of 
type An, Dn, Eq, Et, Eg) and the irreducible components of the exceptional set of 
the minimal resolution of C^/G. In particular, the number of conjugacy classes in 
G is the same as the number of irreducible components of the minimal resolution. 
The latter is a special case of the relation between the Euler characteristic e{X/G) 
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of a crepant resolution of the quotient X/G of a complex manifold X by an action 
of a finite group G and the data of the action on X: 

(9) e{X/G)^ J2 ^(^''') 

g,h,gh=hg 

A refinement of the relation ([9]) for the Hodge numbers and motives is given in 
[2], [H] [39]. In the case when X is projective one has refinement in which the 
Euler characteristic of manifold in © is replaced by elliptic genus of Kawamata 
log-terminal pairs. In fact, more generally, one has the following push forward 
formula: 

Theorem 1.6. Let {X;Dx) be a Kawamata log-terminal pair which is invariant 
under an effective action of a finite group G on X . Let ip: X ^ X/G be the 
quotient morphism. Let (X/G; Dx/g) be the quotient pair in the sense that Dx/g 
is the unique divisor on X/G such that ^*{Kx/g + Dx/g) — + Dx (cf. [9\. 
Def 2.7) Then 

^PMlorbiX, Dx,G- z, r) = m{X/G, Dx/g; z, t). 
In particular, for the components of degree zero one obtains: 

(10) EllorbiX, Dx, G, z, r) - Ell{X/G, Dx/g, t) 

In the case when X is non-singular and X/G admits a crepant resolution X/G 

X/G, for q = one obtains Xy{X/G) — Xy°^''{X,G) and hence for y — I one 
recovers 

1.4. Application II:Higher elliptic genera and K-equivalences. Other ap- 
plications of the push forward formula (|1.5p is invariance of higher elliptic genus 
for the K-equivalences. A question posed in ([43 ) (and answered in 3J) concerns 
the higher arithmetic genus Xa{X) of a complex manifold X corresponding to a 
cohomology class a e H* {Tri{X),Q) and defined as 

(11) / TdxUf*{a) 

Jx 

where f : X ^ B{tti{X)) is the classifying map from X to the classifying space 
of the fundamental group of A". It asks if the higher arithmetic genus XaiX) is a 
birational invariant. This question is motivated by the Novikov's conjecture: the 
higher signatures (i.e. the invariant defined for topological manifold X by ([TT|) in 
which the Todd class is replaced by the L-class) are homotopy invariant (cf. T5]). 
Higher Xy-genus defined by (fTT|) with the Todd class replaced by Hirzebruch's Xy 
class (j27l) comes into the correction terms describing the non-multiplicativity of 
the Xy in topologically locally trivial fibrations n : E B of projective manifolds 
with non trivial action of tti{B) on the cohomology of the fibers of tt (cf. JJJ for 
details). 

Recall that two manifolds Xi , X2 are called if-equivalent if there is a smooth 
manifold X and a diagram: 



(12) 



X 

<Pl / \<P2 

Xi X2 
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in which 01 and 4)2 are birational morphisms and (l)\{Kxi) and 02(^-^2) ^-^^ hnearly 
equivalent. 

The push forward formula p.Sp leads to the following: 

Theorem 1.7. For any a G H* {BTr,Q) the higher elliptic genus {£.LL{X) U 
f*{a),[X]) is an invariant of K- equivalence. Moreover, iJ{X,D,G) and{X,D,G) 
are G-normal and Kawamata log-terminal and if 4> ■ (X, D) {X, D) is G- 
equivariant such that 

(13) (t)*{Kx+D)^K^+b 
then 

EllaiX,D,G) = Ella{X,D,G) 

In particular the higher elliptic genera (and hence the higher signatures and A- 
genus ) are invariant for crepant morphisms. The specialization into the Todd class 
is birationally invariant (i.e. condition of invariance \12(l is not needed in Todd 
case). 

Another consequence is possibility to define higher elliptic genus for singular 
varieties with Kawamata log-terminal singularities and for G-normal pairs {X, D) 

(cf. m)- 



1.5. DMVV formula. Elliptic genus comes into a beautiful product formula for 
the generating series for orbifold elliptic genus associated with the action of the 
symmetric group Sn on products X y. ...x X and for which the first case appears in 
[17j (with string-theoretical explanation). A general product formula for orbifold 
elliptic genus of triples is given in [9 . 

Theorem 1.8. Let {X,D) be a Kawamata log-terminal pair. For every n > 
consider the quotient of{X,Dy^ by the symmetric group Sn, which we will denote 
by (X"" / Sn, D^""^ / Sn) . Here we denote by D*-") the sum of pullbacks of D under n 
canonical projections to X . Then we have 

00 ^ 

(14) Y: P"Ell{X-/Sn,D(-^/Sn; ^, r) = n n a - n^y^a-Y^^^ ' 

where the elliptic genus of (X, D) is 

5]^c(m,02/''?" 

m>0 ; 

and y = e^""'^ , q = e^""'^. 

It is amazing that such simple-minded construction as LHS of pi]) leads to the 
Borcherds lift (cf. [Ij) of Jacobi forms. 



1.6. Other applications of elliptic genus. In this section we point out other 
instances in which elliptic genus plays significant role. 
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1.6.1. Chiral deRham complex. In work [40j for a complex manifold X the authors 
construct a (bi)-graded sheaf Vf^ of vertex operator algebras (with degrees called 
fermionic charge and conformal weight) with the differential d^jj having fermionic 
degree 1 and quasi-isomorphic to the deRham complex of X. An alternative con- 
struction in using the formal loop space was given in [31j . Each component of fixed 
conformal weight has filtration so that graded components are: 

(15) ®n>i {K-yqr^-iT*x ® A^y^ig.Tx <» Sq^T^ ® Sq.Tx) 
In particular it follows that: 

(16) Ell{X,q,y) = y^^xi^x) = y"^5upertrace^.(a-)/[°l<z^["l 

( J[m], L[n] are the operators which are part of the vertex algebra structure)). The 
chiral complex for orbifolds was constructed in 21\ and the extension of relation 
(fTH]) to orbifolds (with discrete torsion) is discussed in [38] . 

1.6.2. Mirror symmetry. Physics definition of mirror symmetry in terms of confor- 
mal field theory suggests that for the elliptic genus, defined as an invariant of a 
conformal field theory, (by an expression similar to the last term in cf. [53]) 
one should have for X and its mirror partner X the relation: 

(17) Ell{X) ^ i^l f'""^ Ell{X) 

This is indeed the case (cf. [6], Remark 6.9) for the mirror symmetric hypersurfaces 
in toric varieties in the sense of Batyrev . 

1.6.3. Elliptic genus of Landau- Ginzburg models. Physics literature (cf. e.g. |33j ) 
also associates to a weighted homogeneous polynomial a conformal field theory 
(Landau-Ginzburg model) and in particular the elliptic genus. Moreover it is ex- 
pected that orbifoldizcd Landau-Ginzburg model will coincide with the conformal 
filed theory of hypersurface corresponding to this weighted homogeneous polyno- 
mial. In particular one expects a certain identity expressing equality of orbifoldized 
elliptic genus corresponding to weighted homogeneous polynomial (or a more gen- 
eral Landau Ginzburg model) and the elliptic genus of the corresponding hyper- 
surface. In [41] the authors construct a vertex operator algebra which is related 
by such type of a correspondence to the cohomology of the chiral deRham complex 
of the hypersurface in P" and in particular obtain the expression for the elliptic 
genus of a hypersurface as an orbifoldization. Moreover, in [261 the authors obtain 
expression for the one variable Hirzebruch's genus as an orbifoldization. 

1.6.4. Concluding remarks. There are several other interesting issues which should 
be mentioned in a discussion of elliptic genus. It plays important role in work J.Li, 
K.F.Liu and J.Zhou (cf. [S^) in connection with Gopakumar-Vafa conjecture (cf. 
also [M])- Elliptic genus was defined for proper schemes with 1-perfect obstruction 
theory ([lOj)- In fact one has well defined cobordism class in fl^ associated to such 
objects (cf. [Sj). In the case of surfaces with normal singularities, one can extend 
the above definition of elliptic genus beyond log-terminal singularities (cf. [49]). 
Elliptic genus is central in the study of elliptic cohomology ([45]). Much of the 
above discussion of can be extended to equivariant context (cf. [48j ) and a survey 
of this is given in [50] in this volume. 
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2. QuASI-JACOBI FORMS 

The Eisenstein series Ckir) = E{m,n)ez^{m,n)^{o,o) (mrln)" ^ fails to 
be modular for k — 2 but the algebra generated by functions ek{T),k > 2, called 
the algebra of quasi- modular forms on S'L2(Z), has many interesting properties (cf. 
[57]). In particular, there is a correspondence between quasi-modular forms and 
real analytic functions on H which have the same (Z) transformation properties 
as modular forms. Moreover, the algebra of quasi-modular forms has a structure 
of ©-module and supports an extension of Rankin-Cohen operations on modular 
forms. 

In this section we show that there is algebra of functions on C x H closely related 
to the algebra of Jacobi forms of index zero with similar properties. This algebra is 
generated by Eisenstein series ^ {z+ujy^ (sum over elements of a lattice W C C). 
It has description in terms of real analytic functions satisfying functional equation 
of Jacobi forms and having other properties of quasi-modular forms mentioned in 
the last paragraph. It turns out that the space of functions on C x H generated by 
elliptic genera of arbitrary (possibly not Calabi Yaus) complex manifolds belong to 
this algebra of quasi- Jacobi forms. 



Recall the following: 

Definition 2.1. A weak (resp. meromorphic) Jacobi form of index t e and 
weight k for a finite index subgroup of the Jacobi group r( = SL2{1') oc is a 
holomorphic (resp. meromorphic) function % on H x C having expansion ^ Cn,r<f^C^ 
in q = exp{2TT\/—lT) (IrriT sufficiently large) and satisfying the following functional 
equations: 

.ar + b z . , ,,1. 2,ritc^2 

X — ^, — T = cr + dfe x ^,z 

CT + a CT + a 

X(r, z + At + /i) - (_l)2*(>+M)e-2^.t(A^r+2A.)^(^^ ^) 

for all elements d ) ' '^-^ ^1 ^ i ^ ' ^""^ ^' '^^'^ algebra of Jacobi 

forms is the bi-graded algebra J — ®Jt.k- and the algebra of Jacobi forms of index 
zero is the sub-algebra Jo — (SkJo,k C J. 

For appropriate / a Jacobi form can be expanded in (Fourier) series in gT (with 
I depending on F). We shall need below the following real analytic functions: 

(18) A(z,t) = ^^, ^{r) = ^-^ 

T — T T — T 

They have the following transformation properties: 



(19) 



(20) 



X/ -2; ar + b 

A( -, -) = [cT + a)\(z,T) — Zicz 

\{z + TOT + n, t) = A(z, t) + ni 

,aT + b. ^ , ^ dffih) - 2ic(cT + d) 
CT + a 
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Definition 2.2. Almost meromorphic Jacobi form of weight fc, index zero and 
depth (s,t) is a (real) meromorphic function in Clq' , z}[z~^ , X, fi], with A,/i given 
by (dlD which 

a) satisfies the functional equations (|2.ip of Jacobi forms of weight k and index 
zero and 

b) which has degree at most s in A and at most t in fi. 

Definition 2.3. A quasi-Jacobi form is a constant term of an almost meromorphic 
Jacobi form of index zero considered as a polynomial in the functions A, fi i.e. a 
meromorphic function /q on H x C such that exist meromorphic functions fij such 
that /o + ^ fi.j-^^l^'' is almost meromorphic Jacobi form. 

From algebraic independence of A, fi over the field of meromorphic functions in 
g, z one deduces: 

Proposition 2.4. F is a quasi-Jacobi of depth (s,t) if and only if: 

i<s,j<.t 



f{T,z + aT + b)=Y,nf){T,z)a' 



i<s 

To see some basic examples of quasi-Jacobi forms let us consider the following 
sequence of functions on H x C. 

Definition 2.5. (cf. 5l|3) £;„(z,t) = E(a,b)ez^ (.+ar+b)" 

Such series En{z, r) converges absolutely for n > 3 and for n — 1,2 defined via 
"Eisenstein summation" as 

a=A b=B 

= liniA^oo ^ {liniB^oo ^ ) 

though we shall omit the subscript e. The series £'2(2, r) is related to the Weier- 
strass function as follows: 

, , 1 v-^ 1 1 



Moreover 



(z + OT + 6)2 (ar + 6)2 
E2{z,t) - lim^^o[E2[z,T) - \) 



limz^o{En{z,T) - ^) ^ ^ 



z^' ^ [oT^bY 

(a,b)eZ,(a,b)^0 ^ ' 

is the Eisenstein series (notation of [H]). The algebra of functions of H generated by 
the Eisenstein series e„(r), n > 2 is the algebra of quasi- modular forms for 5*^2 (Z) 
(cf. [55], [51]). 

Now we shall describe the algebra of quasi-Jacobi forms for Jacobi group Y'{. 
We have the following: 



^These series were recently used in |23l under the name twisted Eisenstein series. 



ELLIPTIC GENERA, REAL ALGEBRAIC VARIETIES AND QUASI- JACOBI FORMS 11 



Proposition 2.6. The functions En are weak meromorphic Jacobi forms of index 
zero and weight n for n > 3. Ei is a quasi- Jacobi form of index weight 1 and 
depth (1, 0). E2 — 62 is a weak Jacobi form of index zero and weight 2 and E2 is a 
quasi- Jacobi form of weight 2, index zero and depth (0, 1). 

Proof. The first part is due to tiie absolute convergence of series (|2.5p for n > 3. 
We have the following transformation formulas 

(21) ^^(^'^)-(- + '^)^^(^'^) + -^ 



and 



El (r, z + mr + n) ^ Ei (t, z) — 2'Kim 



,aT -\-b z , , . ,s2 ^ / N 1 



2k- 



(22) ^2(^-., ——,) = [CT + dYE2{T, z) - -t:ic{ct + d) 

CT -\- a CT + a 2 

E2{T,Z + aT + h) ^ E2{t,z) 

First equality in (f2T|) (resp. ([22]) ) follows from Ei{t,z) — ^ — J2'^2kiT) 
(resp. E2{t,z) = ^ + Efe(2fc - I)e2fe2^''"^ (cf. [51^ Ch.3 (10))). The second in 
is immediate form the definition of Eisenstein summation while the second equality 
in (EH) follows from EB- □ 

Remark 2.7. Eisenstein series ek{T),k > 4 belong to the algebra of quasi-Jacobi 
forms. Indeed, one has the following identities (cf. 51j, (7), (35) in ch IV): 

Ei = {E2 - e2f - 564; El = {E2 - 62)^ - 1564(£;2 - 62) - 3564 

Proposition 2.8. The algebra of Jacobi forms (for Tf) of index zero and weight t 
(t > 2) is generated by E2 — 62, -E3, E4. 

A short way to show this is to notice that the ring of such Jacobi forms is 
isomorphic to the ring of cobordisms of S"?/- manifolds modulo flops (cf. section [TTT|) 
via isomorphism sending a complex manifold X of dimension d to Ell{X) ■ ( ^g(z) ■ 
This ring of cobordisms in turn is isomorphic to C[a;i, a;2, xa] where xi is cobordism 
class of a K3 surface and a;2,a;3 are cobordism classes of certain four- and six- 
manifolds (cf. Hz]). The graded algebra 'C[E2 — 62,i?3,i?4] is isomorphic to the 
same ring of polynomials (cf. examples 12. 14p and the claim follows. 

Proposition 2.9. The algebra of quasi-Jacobi forms is the algebra of functions on 
H X C generated by functions En{z, r) and 62(1"). 

Proof. First notice that the coefficient of A" for an almost meromorphic Jacobi form 
F{t, z) = J2i<s fi^^ of depth (s, 0) is holomorphic Jacobi form of index zero and 
weight k — s i.e. by above proposition is a polynomial in i?2 — 62, £"3, ... Moreover 
/o — Effs is a quasi-Jacobi form of index zero and weight at most s — 1. Hence 
by induction the ring of quasi-Jacobi forms of index zero and depth (*,0) can 
be identified with C[Ei,E2 — 62, i?3, ...]. Similarly, the coefficient /x' of an almost 
meromorphic Jacobi form F = X]j<t(S fi,j^^)l^'' almost meromorphic Jacobi 
form of depth (s, 0) and moreover F — (^ ■ f)i, sA*)i?2 has depth (s', t') with t' < t. 
The claim follows. □ 



Here is an alternative description of the algebra of quasi-Jacobi forms: 
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Proposition 2.10. The algebra of functions generated by the coefficients of the 
Taylor expansion in x of the function: 

e{x + z)e'{Q) 1 1. . 
e{x)e{z) ^x^z'~^^' 

is the algebra of quasi- Jacobi forms (for (^) )■ 

Proof. The transformation formulas for theta function (cf. [44' ) : 

(23) ^(^-,^-) = C(cT + d)^e^0(T,z) 

cr + a cr + a 

e'(^^,O) = C(cr + d)i0'(r,O) 
cr + a 



a;6'(a; + z)6''(0) 



imply that 

(24) '^{x,z,t) 



e{x)9{z) 

satisfies the following functional equations: 

,aT + b X Z ^ 27riczx , 

CT + a CT + d CT + d 

$(a;, 2; + mr + n, r) = e^''™''$(a;, z, r) 
In particular in expansion 

(26) -z:^-" 

the left hand side is invariant under transformations in (|25p and the coefficient Hi 
is a Jacobi form of weight i and index zero for any i. Moreover the coefficients Fi 
in $(a;,z,r) = 1 + ^Fi(z,T)a;* are polynomials in Fi and Hi. What remains to 
show is that Ei 's determine Fi,Hi,i > 1 and vice versa. Recall that Ei has index 
zero (invariant with respect to shifts) and weight i. We shall use the following 
expressions: 

(27) ^x, z, t) = "^expiY, + " + '^)']Gk{r)) 



kV 

k>0 



where 

^,.(T^ = - 

2k 



(28) G,{r) = +J2Y.(d"'')l' 

1=1 d\l 



2m- 1 



e2m^ 



(cf. [S5]). On the other hand one has: 

00 

(29) E^{z,T)^- + (-ir 

2m>n 

(cf. [SH Ch.III.sec.7 (10)) where 

(30) = E'(^— )'™ = ^^^^^Gfc (forfc = 2m) 

^-^ niT + n [k — 1)! 
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(cf. [SH Ch.III, sect 7 and [55] p.220). We have 

i>l 



(31) 



yi+l 



E 

i>2 



(*-2)! 



The coefEcient of a;' ^ for / > 2 in Laurent expansion hence is: 

i-iy-'{l~l)_ ^ 2 /^-2^ 
(z-2)!^?-2, 



(32) 



j>2,j>i 



(-!)'-!(/ -1) 



E 

>2 

E 



1 



(-!)'-!(/ -1) 



^>2,^>l 

1 



-(*-!) 



i - 2 

; - 2 



(27rV^)' 



E 

i>2,i>l 



i~ 1 
/ - 1 



27rA 



(using ([30]) and identities with binomial coefficients). This yields 

,1-1 



Hi-2{27rV-lz,T) = (-1) 
and the claim follows since (15) in [5Q yields: 



(33) 

i.e. 

(34) 



F^iz,r)^-~2j2Gr+/^^- 

7. ^ — ^ r' 7^ 



r>0 



2; (27rV^) 



■{Ei-ei) 



^e,( 



r>0 



27r^ 



Fi(27riV^^,T) 



27riA 



=£;i(^,t) 



Remark 2.11. The algebra of quasi- Jacobi forms C[e2, Ei, E2, 
differentiations dr,dz. Indeed one has: 



□ 



in closed under 



2ni^r^ =E3- E1E2. 



dz 



= -Eo 



.dE2 



^ 3E4 - 2EiE3 - El. 



dE2 



dT ^ dz 

and hence <C[..Ei.] is a D-module where D be the ring of differential operators 
generated by over the ring of holomorphic Jacobi group invariant functions on H xC 
by ^ and As is clear from the above discussion, the ring of Eisenstein series 
C[...Ei...] has natural identification with the ring of real valued almost meromorphic 
Jacobi forms C[El, E2, E3, ....] on H x C having index zero where 



(35) 



E* =Ei + 2ni^,E; =E2 + 

IrriT imT 



Theorem 2.12. The algebra of quasi-Jacobi forms of depth (fc, 0), fc > is isomor- 
phic to the algebra of complex unitary cobordisms modulo flops. 

In another direction the depth of quasi-Jacobi forms allowing to "measure" the 
deviation of elliptic genus of a non-Calabi Yau manifold from being Jacobi form. 
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Theorem 2.13. Elliptic genera of manifolds of dimension at most d span the 
subspace of forms of depth (d, 0) in the algebra of quasi- J acobi forms. If a complex 
manifold satisfies Ci = 0, cj^^^ 7^ then its elliptic genus is a quasi-Jacobi form 
of depth (s, 0) where s < k — 1. 

Proof. It follows from the proof of proposition p.lOp that 
dx^ ^ (27rV^)» 

which yields: 

(36) ^^e^^^n,^"^''^"'^'^^''""''^'^' 
The Hirzebruch's characteristic series is (cf. ([1])): 

Hence if c{TX) = n{l + Xk) then 

(37) ElliX) = {M.y"^^Y[^ [x] = 

(here [X] is the fundamental class of X) i.e. if ci = elliptic class is polynomial 
in Ei — a with i>2 and hence elliptic genus is a Jacobi form (cf. [35]). Moreover 
of c\ = then the degree of this polynomial is at most k in Ei and the claim 
follows. □ 

Example 2.14. Expression ((37)) can be used to get formulas for the elliptic genus 
of specific examples in terms of Eisenstein series En . For example for a surface in 
P'^ having degree d one has 

(Efild' -Ad + 8)d + {E2 e2)(y - 2)rf)(^') 
In particular for d = 1 one obtains: 

One can compare this with the double series which is a special case of the general 
formula for elliptic genus of toric varieties in [B]. This lead to a two variable 
version of the identity discussed in Remark 5.9 in [6]. In fact following [5] one can 
define sub-algebra "toric quasi-Jacobi forms" of the algebra of quasi-Jacobi forms 
extending toric quasi-modular forms considered in [5j . This issue will be addressed 
elsewhere. 

Next let us consider one more similarity between meromorphic Jacobi forms and 
modular forms: there is a natural non commutative deformation of the ordinary 
product of Jacobi forms similar to the deformation of the product modular forms 
constructed using Rankin-Cohen brackets (cf. ^57]). In fact we have the following 
Jacobi counterpart of the Rankin-Cohen brackets: 



more generally, k is the smallest among i with c\ £ Ann{c2, ..CdimM)'^ example of such 
manifold is an n-manifold having n — fc-dimensional Calabi Yau factor. 
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Proposition 2.15. Let f (resp. g) be a Jacobi form of index zero and weight k 
(resp. I). Then 

[f,g] = k{drf - ^^EAf)g - l{drg - ^^E^{z,T)d.g)f 
is a Jacobi form of weight k + I + 2. More generally, let 

Then the Cohen-Kuznetsov series (cf. |57j j; 

D''f{z,T)X'' 



fD{z,T,X)^Y. 



n\(k)n 

(here (fc)„ = k{k + l)...(k + n — 1) is the Pochhammer symbol) satisfies: 

J ^ar + b z z X ) — (ct + d)'' exp{ ^ ^ )f {t z X) 

CT + d ' cr + ' CT + d^ {cT + d)^ cr + d 27r« ' ' 

fD{T,Z + aT + b,X)^fD{T,Z,X) 

In particular the coefficient 

{k)n (On 

of X^ in foiT, z, —X)gD{T, z, X) is a Jacobi form of weight k + 1 + 2n. It is given 
explicitly in terms of D^f,D^g by the same formulas as the classical RC brackets. 

Proof. The main point is tliat tlie operator dr — ^fi^idz has the same deviation 
from transforming Jacobi form to Jacobi as dr on modular forms. Indeed: 

(dr - —Eid,)f{ — — , — — t) = 
Zm CT + d CT + d 

{kc{cT + df+^f{T, Z) + ZC{CT + df+^dJ{T, z) + [cT + df+^drf{T, z) 

- [(cr + d)E^ (r, z) + 2'kicz] [ct + df^^d,f)}^ 
Ztti 

{ct + d)"+2[/(T, Z) - ^E^fz] + kc{cT + dt+^f{T, Z) 

Ztti 

Moreover: 

{dr-^E^d,)f{T,z+aT+b) = f^+af,--LlE,~27na)f, = {d^-J-E,d,)f{T,z) 
Zm Zm Zm 

The rest of the proof is the same as in [ST]- Q 



Remark 2.16. The brackets introduced in Prop. 12. 151 are different from the Rankin- 
Cohen bracket introduced in [13] . 
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3. Real singular varieties 

Ochanine genus of an oriented difFerentiable manifold X can be defined using 
the following series with coefficients in Q[[(7]] as the Hirzebruch characteristic power 
series (cf. volume p6l and references there): 



(38) Q{x) = . n 



.n\2 



x/2 f^. (1-9") 



sinh(a:/2) - (?"e^)(f - g"e-^)' 

As was mentioned in section FOl this genus is a specialization of the two variable 
elliptic genus (at z — }-)■ Evaluation of Ochanine genus of a manifold using (|38p 
and viewing the result as function of r on the upper half plane (where q = e^'^''^) 
yields a modular form on ro(2) C SL2{1i) (cf. [36]). 

In this section we discuss elliptic genera for real algebraic varieties. It particular 
we address B.Totaro proposal that "it should be possible to define Ochanine genus 
for a large class of compact oriented real analytic spaces" (cf. [47 ) . In this direction 
[37] contains the following result: 

Theorem 3.1. Quotient of MSO by ideal generated by oriented real flops and 
complex flops is 

Z[<5, 27, 272,274..] 

with (resp. CP'^J corresponding to 5 (resp. 2'y~\'5'^). This quotient ring is the 
the image of MSO^ under the Ochanine genus. 

In particular Ochanine genus of a small resolution is independent of its choice 
for singular spaces having singularities only along non-singular strata and having 
in normal directions only singularities which are cones in or C*. 

Our goal is to find a wider class of singular real algebraic varieties for which 
Ochanine genus of a resolution is independent of a choice of the latter. 

3.1. Real Singularities. For the remainder of this paper "real algebraic variety" 
means an oriented quasi-projective variety over K, X(]R) is the set of its R- 
points with Eucledian topology, Xc = x specM SpecC is the complexification and 
X{C) the analytic space of its complex points. We also assume that dimRX{R) — 
dimcX{C). 

Definition 3.2. A real algebraic variety Xr as above is called Q-Gorenstein log- 
terminal if the analytic space X{C) is Q-Gorenstein log-terminal. 

Example 3.3. Affine variety 

(39) xj-xl+xl-xj^O 

in R"* is 3-dimensional Gorenstein log-terminal and admit a crepant resolution. 

Indeed it is well known that complexification of Gorenstein singularity (|39p ad- 
mits a small (and hence crepant) resolution having as its exceptional set. 

Example 3.4. The 3-dimensional complex cone in given by + + — 

considered as codimension two sub-variety of R^ is a Q-Gorenstein log-terminal 
variety over R and its complexification admits a crepant resolution. 



■^i.e. the ideal generated by X' — X where X' and X are related by real or complex flop 
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Indeed, this codimcnsion two sub-variety is a real analytic space which is the 
intersection of two quadrics in given by 

(40) af + al + al + al-bl-bl-bl-bl^O 

aibi + 0262 + 0363 + 0464 = 

(here a, = Rezi,bi — Imzj). The complexification, is the cone over complete 
intersection of two quadrics in P^. Moreover, the defining equations of this complete 
intersection after the change of coordinates: = + V~-^bi,yi — ai — \/—lbi 
become: 

(41) xl+xl+xl + x\ = 

2/? + 2/2 + + yl = 

The singular locus is the union of two disjoint 2-dimensional quadrics and sin- 
gularity along each is A\ (i.e. the intersection of the transversal to it in has 
v4i-singularity). To resolve ([40]) . one can blow up at the origin which results in 
C-fibration over complete intersection (j41|) . It can be resolved by small resolutions 
along two non-singular components of singular locus of (|4ip . A direct calculation 
shows that we have a log-terminal resolution of Gorenstein singularity which is 
the complexification of ((40)) . 

3.2. Elliptic genus of resolutions of real varieties with Q-Gorenstein log- 
terminal singularities. Let X be a real algebraic manifold and let = ^ cukDk 
(ttfe G Q) be a divisor on the complexification Xc of X (i.e. Dk are irreducible 
components of D). Let Xi denote the Chern roots of the tangent bundle of Xc and 
dk are the classes corresponding to Dk (cf. section [ij. 

Definition 3.5. Let X be a real algebraic manifold and D a divisor on complexi- 
fication Xc of X. The Ochanine class ELLo{X, D) of pair X, D is specialization: 

£LL(Xc,i?,<7,2 = i) 
of the two variable elliptic class of pair £,LL{Xc, D, q, z) given by: 

^''^ Ul 9{-z)e{^) ) Ul ^(i^ - ^)e[-{ak + l)z)) 

Ochanine elliptic genus of pair {X, D) as above is 



(43) EII{Xk,D) = \jm{Xc,D,q,]^)\Jcl{X{R))[X{C)] 



Here V Ell denotes the class corresponding to the unique series with constant 
term equal to 1 and having Ell as its square. 

The above class of pair is the class ([3]) considered in definition 11.41 in section [T] 
with group G being trivial. One can defined orbifold version of this class as well 
specializing ^ to z — ^. See [8J for further discussion of the class Ell{X,D). 

The relation with Ochanine's definition is as follows: if D is trivial divisor on Xc 
then the result coincides with the genus [42]. More precisely, we have the following: 



4e.g. by considering the order of the pole of the form ^^2 Adrrs Ad:.4 Ad;/2 Adya Ady4 ^long the 
intersection of the exceptional locus of blow up of with the proper preimage of (|41| l in 
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Lemma 3.6. Let X]s_ be a real algebraic manifold with non singular complexification 
Xc ■ Then 

EII{Xm) = ^£ll{Tx(c))^ cl{X{R))[X{C)] 
Proof. Indeed, we have 

(44) Tx(R) 7x(C)U(R) Tx(M) ~* 

with the identification of the normal bundle to with its tangent bundle given 
by the multiplication by \/^. Hence £.ll{X]^)'^ — i*{£.llXc) where i : Xc 
is the canonical embedding. Now the lemma follows from the identification of the 
characteristic series ([38| and specialization z — ^ oi the series in ([T]) (cf. [6]) and 
the identify which is just a definition of the class clz G ^dimsy-diniK^' of a sub- 
manifold Z of a manifold Y: clz U a[Y] = i*{a) (1 [Z] for any a S JjdimsZ^y)^ 
Indeed, we have the following: 



(45) EII{Xr) = Ell{TxiR))[X{R)] = y^£;?(Tx(c))U(R))[^(R)] 



^m{Txic))^d{Xm)[X{C)] 

□ 

Our main result in this section is the following: 

Theorem 3.7. Let n : {X,D) {X,D) be a resolution of singularities of a 
real algebraic pair with Q-Gorenstein log-terminal singularities i.e. Kj^ + D ^ 
TT* (Kx+D) . Then the elliptic genus of the pair {X, D) is independent of resolution. 
In particular if real algebraic variety X has a crepant resolution then its elliptic 
genus is independent of a choice of crepant resolution. 

Proof. Indeed for a blow up / : {X^D) ^ (X, D) we have: 



(46) f4^E,LLiX, D, q, i) = ^ £LL(X, g, 1) 

This is a special case of the push- forward formula (jH) in theorem ll.51 (with G being 
trivial group). Hence 



(47) mo{XK,D) \l E.ll{Xc,D,q,^)UdiXK)[Xc] 



E.LL{Xc,L),q, i) U /*([Xm] n [Xc]) = ^LL{X^,b) 

as follows from projection formula since f*{cl[XvJ\) — [cZXr] and since /, is identity 
on H^). 

For crepant resolution one has D — Q and hence by lemma [211] the elliptic genus 
of Xr is the Ochanine genus of the real manifold which is its crepant resolution. 

□ 

Remark 3.8. Examples 13.31 and 13.41 show that singularities admitting crepant res- 
olution include real 3-dimensional cones and real points of complex 3-dimensional 
cones. 
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